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Abstract 
 
The unsteady thin airfoil theory of von Karman and Sears is extended to analyze the aerodynamic characteristics of a deforming airfoil. 

The von Karman and Sears approach is employed along with Neumark’s method for the unsteady load distribution. The wake-effect 
terms are calculated using either the Wagner or Theodorsen function, depending on the desired camberline deformation. The concept of 
separating the steady and damping terms in the camberline boundary condition is introduced. The influence of transient and sinusoidal 
airfoil deformations on the airfoil load distribution is examined. The general equations developed for the unsteady lift and load distribu-
tion are evaluated analytically for a morphing airfoil, which is defined here by two quadratic curves with arbitrary coefficients. This gen-
eral camberline is capable of modeling a wide range of practical camberline shapes, including leading and trailing edge flaps. Results of 
the present model are shown for a variable camber, or morphing, airfoil configuration. The influence of transient and sinusoidal motion 
on the force coefficients and load distribution is addressed. 
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1. Introduction 

A fundamental problem in applied aerodynamics concerns 
the prediction of the time-history of the aerodynamic forces 
acting on an airfoil following a change in the airfoil geometry 
[1]. Recent interest in morphing control devices, which pro-
duce a hingless change to the airfoil camber, has led to the 
possibility of camberline shape changes other than just a con-
ventional hinged flap [2, 3]. The aerodynamic forces acting on 
the airfoil during and after the change in shape have an influ-
ence on both the actuator design and aircraft dynamics [4, 5]. 
Because of the large variety of possible shape changes for a 
morphing airfoil, it is desirable to formulate the problem in a 
theoretical framework that provides insight into the unsteady 
response of the aerodynamic forces to a general change in 
airfoil shape. A valid approach for this task is the classical 
unsteady thin airfoil theory developed by Theodorsen [6] and 
von Karman and Sears [7]. Although such a classical tech-
nique contains many approximations (inviscid, incompressible, 
small disturbances) and one may obtain more accurate results 
from widely available numerical approaches, the benefit of 
being able to separate various components of the unsteady 
load distribution or force and moment coefficients provides 

insight into the problem, which may then be confirmed 
through more advanced methods. Thus, the unsteady thin 
airfoil theory warrants consideration.  

There have been many applications of unsteady thin airfoil 
theory applied to trailing edge flaps reported in the literature 
[6-16], and since the trailing edge flap is a special case of the 
general deforming camberline discussed later in this paper, 
these studies have particular relevance to the present problem. 
One of the earliest of these studies, the well known application 
to a harmonically oscillating trailing edge flap by Theo-
dorsen’s [6] provided the lift and pitching moment characteris-
tics of the airfoil. Although Theodosen also presented results 
for the flap hinge moments, no results were given for the air-
foil load distributions. Postel and Leppert [8], along with a 
number of German researchers (Dietze [9-11], Jaekel [12], 

Schwarz [13, 14], and Sohngen [15, 16]) determined the load 
distribution on a harmonically oscillating airfoil. Recently, 
Mateescu and Abdo [17] obtained both the unsteady forces 
and the load distribution using the method of velocity singu-
larities. Narkiewicz et al. [18] solved a similar problem which 
allowed for arbitrary flap and airfoil oscillations. Lieshman 

[19] and Hariharan and Lieshman [20] considered arbitrary 
flap deflections using indicial concepts, although both focused 
mainly on the compressible flow case.  

Although there has been considerable research on the theo-
retical unsteady aerodynamics of a trailing edge flap, there has 
been little research concerning other deforming camberline 
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shapes. Schwarz [13, 14] studied an oscillating parabolic con-
trol surface. This shape was meant to account for the viscous 
effects of a conventional flap by smoothing out the hinge line. 
Recent interest in morphing aircraft has created interest in this 
parabolic, or conformal flap, for use as a hingless control sur-
face [21, 22]. Unfortunately, the previous work of Schwarz 

[13, 14] has gone unnoticed in the English-speaking literature 
except for the brief mention by Garrick [23] and the discus-
sion in the translated article by Schwarz [14]. Spielburg [24] 
studied the unsteady aerodynamics of an airfoil with an oscil-
lating parabolic camberline. This study was restricted to a 
circular arc parabolic camberline, which was meant to repre-
sent chordwise aeroelastic deformations. Mesaric and Kosel 

[25] determined the lift and pitching moment for cubic poly-
nomial camberlines. No mention was made of the load distri-
bution. Singh [26] and Maclean [27] presented a numerical 
model for the unsteady aerodynamics of deforming airfoils, 
although they did not discuss the agreement of their methods 
with theory. Other sources of information regarding the mod-
eling of deforming camberlines are the theoretical studies of 
membrane airfoils. For example, Llewelyn [28] and Boyd [29, 
30] discuss the application of steady thin airfoil theory to vari-
ous single-segment polynomial camberlines, which are similar 
to those of interest for morphing applications.  

The aim of this paper is to outline a systematic application of 
unsteady thin airfoil to a “general deforming camberline”, 
which will be composed o two parabolic curves. This shape 
has the ability to model a wide variety of camberline shapes, 
and it can be reduced to a conventional trailing edge flap. This 
feature is convenient for validation and for illustrating the 
differences of the trailing edge flap with other more compli-
cated configurations. For the quasi-steady force coefficient 
and load distribution calculation, the present method combines 
the approaches of Glauret [32] and Allen [33]. The von Kar-
man and Sears’approach [7] for the unsteady force coefficient 
calculation is adopted along with Neumark’s method [34] for 
the unsteady load distribution. The wake-effect terms are cal-
culated using either the Wagner or Theodorsen function. The 
influence of transient and sinusoidal airfoil deformations on 
the airfoil load distribution are examined. It should be noted 
that a feature of the present study is the analytic determination 
of the unsteady load distribution for the general deforming 
camberline. This has not been presented previously in the 
literature. 
 

2. Unsteady thin airfoil method  

Considering the incompressible small disturbance flow 
around a two dimensional thin airfoil, von Karman and Sears 

[7] represented the lift and the pitching moment in terms of 
the following three components: quasi-steady, apparent mass 
and wake induced. Their results are based on the coordinate 
system with its origin fixed to the mid-chord and with its x-
axis set parallel to the chord. The origin of the coordinate sys-
tem in the present method is set to the leading edge with its x-
axis parallel to the chord (See Table 2). Applying the trans-
formation ( )1 cos / 2x cθ= −  to von Karman and Sears’ results, 
the three (quasi-steady, apparent mass, wake-induced) com-
ponents of the lift are written as follows: 

 
0 0L Uρ= Γ  (1a)  (1a) 

( )
2

1 0
0

cos sin
4
cL d

t

πρ γ θ θ θ θ
⎛ ⎞∂= ⎜ ⎟⎜ ⎟∂ ⎝ ⎠
∫  (1b)  (1b) 

( )
2 22 c

UcL d
γ ξρ ξ
ξ ξ

∞

=
−∫  (1c)  (1c) 

 
where Γ0 and γ0 are the quasi-steady circulation and vorticity 

Table 1. Geometric coefficients for specific camberlines represented 
by Eq. (24).  
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Table 2. Camberlines Represented by Eq. (24) and Table 1. 
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values, respectively, and γ (ξ) is the vorticity in the wake at 
the location ξ. It is convenient to represent γ0 using Glauert’s 
Fourier series [32] which is written as  
 

( ) ( ) ( )0 0
1

1 cos, 2 sin
sin n

n
t U A t A t nθγ θ θ

θ

∞

=

⎛ ⎞+⎡ ⎤= +⎜ ⎟⎢ ⎥⎣ ⎦⎝ ⎠
∑   (2) 

 
where ( )0 0

, /A w t d
π

θ θ π= −∫  and ( ) ( )
0

2 , cos /nA w t n d
π

θ θ θ π= ∫ . 
In these equations, w is the downwash that is used to impose 
the instantaneous boundary condition for no flow through the 
camberline. For a time-varying camberline defined by cz , the 
downwash, w , is written as 
 

1 .c cz zw
U t x

∂ ∂= +
∂ ∂

  (3)  

 
Substituting Eq. (3) into Eqs. (1) and (2) leads to the follow-

ing equations for the quasi-steady and apparent mass contribu-
tions to the lift 
 

2
0 0 1( / 2)L U c A Aρ π= +   (4a) 

2

1 0 2(2 ) .
8
c UL A Aρ π= +   (4b) 

 
Note that the dot above the A0 and A2 in Eq. (4b) indicates the 
time-derivative of the coefficient, which actually indicates a 
time derivative of w only since the rest of the equation is inde-
pendent of time. 

The unsteady pressure distribution is formulated in terms of 
the equations presented by Neumark [34], which conveniently 
correspond to the three lift components presented in Eq. (1). 
Applying the transformation ( )1 cos / 2x cθ= − to 0pΔ  
(quasi-steady component) and 1pΔ  (apparent mass compo-
nent) and 2pΔ  (wake induced component) in [34] results in 
 

( ) 2
0 0 0

1

1 cos2 sin
sin n

n
p U U A A nθρ γ θ ρ θ

θ

∞

=

⎛ ⎞+⎡ ⎤Δ = = +⎜ ⎟⎢ ⎥⎣ ⎦⎝ ⎠
∑   (5a) 

( )1 0
0

( / ) sin
2 n
cp d dt d

θ

ρ γ θ θ θΔ = ∫   (5b) 

( )
2 2

.
c

U c xp d
x

γ ξρ ξ
π ξ ξ

∞−Δ =
−∫   (5c) 

 
These equations require that the circulatory ( 0cγ ) and non-

circulatory ( 0nγ ) quasi-steady vorticity distributions be de-
fined. From Neumark [34], 0cγ  and 0nγ  may be written as 
 

( ) 0
0

2
sinc c

γ θ
π θ

Γ=   (6a) 

( )
2

0 0
0 0

00

2 ( , )sin
sin cos cosn
U w t d

π θ θγ θ θ
π θ θ θ

=
−∫   (6b) 

 
where 0

0

2 ( , ) (1 cos ) /(1 cos ) sinUb w t d
π

θ θ θ θ θΓ = − +∫ . The 
quasi-steady circulation strength ( 0Γ ) in Eq. (6a) is obtained 

by integrating Eq. (2) across the chord, which results in the 
following 

 
1

0 0 .
2
AcU Aπ ⎛ ⎞Γ = +⎜ ⎟

⎝ ⎠
  (7) 

 
Substituting this equation for 0Γ  into Eq. (6a) results 
in ( )0 0 1(2 ) / sinc U A Aγ θ θ= + . Similarly, the noncirculatory 
component of the vorticity distribution ( 0nγ ) may be written 
as  
 

( ) ( )0
0 0 1 0

00

, sincos 1 22 .
sin sin cos cosn

w tUUA UA d
π θ θθγ θ θ

θ θ π θ θ
= − +

−∫  (8) 

 
Substituting Eq. (8) into 1pΔ  in Eq. (5b) and performing the 
integration results in  
 

( )1 0 1
0

( / )[2 sin sin ]
2 b
cp d dt UA UA d

θ

ρ θ θ γ θ θ θ∞Δ = − + ∫  (9) 

 
where the basic load distribution ( bγ ) is defined as 

( ) ( )0
0

00

, sin2
cos cosb

w tU d
π θ θ

γ θ θ
π θ θ

=
−∫ . 

For many practical applications, the function z, which de-
fines the camberline shape, can be represented in the follow-
ing form: 
 

( , ) ( ) ( )z x xτ ψ β τ=   (10) 
 
where ψ defines the form of the camberline (for example a 
flapped or a parabolic camberline) and β defines the time 
varying magnitude of the camberline (for example the flap 
deflection angle or magnitude of maximum camber) as a func-
tion of the nondimensional time ( /U t cτ ∞= ). This form for z 
will be used throughout the remainder of this paper.  

To identify the aerodynamic forces resulting from the steady 
camberline slope and the unsteady camberline shape change, 
w will be written in general as 

 
1

s d
z zw w w
x c τ

∂ ∂= + = +
∂ ∂

  (11) 

 

where ws is the “steady” component ( sw
x
ψ β∂=

∂
) which and 

is proportional to β and wd is the “damping” component 

( dw
c

ψ β
τ

∂=
∂

) which is proportional to /d dβ τ . Both ws and 

wd result in their own quasi-steady circulation components 
( 0,sΓ and 0,dΓ ), which consequently result in their own appar-

ent-mass and wake-effect components through Eq. (5b) and 
(5c). Therefore, the terminology of “steady” and “damping”, 
denoted by a subscript s and d, will be used throughout this 
paper to distinguish between lift or pressure components re-
sulting from ws and wd, respectively. Using this concept, the 
quasi-steady lift (L0) and apparent mass lift (L1) can be written 
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in terms of the lift components due to the camber (β), the 
camberline shape-change with time ( β′ ), and camberline 
shape-change acceleration ( β′′ ) as follows: 
 

'0 0 0
,0 '

' '
0, 0, 0, 1, 0, 1,

1 1

(2 ) (2 )

L

s d s s d d

L dL dLC
qc qc d qc d

K K A A A A

β β
β β

β β π β π β

= = +

= + = + + +
 (12a) 

' ''1 1 1
,1 ' ''

' '' ' ''
1, 1, 0, 2, 0, 2,

1 1

(2 ) (2 )
4 4

L

s d s s d d

L dL dLC
qc qc d qc d

K K A A A A

β β
β β

π πβ β β β

= = +

= + = + + +
 (12b) 

 
where q is the dynamic pressure, and K1,s and K1,d are the ap-
parent mass lift components due to the time-rate-of-change of 

0,sγ  and 0,dγ , respectively. The Fourier coefficients in Eq. 
(12) are defined as follows: 
 

0,
0

1
sA d

x

π ψ θ
π

∂= −
∂∫   (13a) 

( ),
0

2 cosn sA n d
x

π ψ θ θ
π

∂=
∂∫   (13b) 

0,
0

1
dA d

c

π ψ θ
π

= − ∫   (13c) 

 ( ),
0

2 cosn dA n d
c

π ψ θ θ
π

= ∫ .  (13d) 

 
The quasi-steady and apparent-mass load distribution can 

also be separated into steady and damping components as 
follows: 

 
'0 0 0

,0 '

( ) 1 1
p

p d p d pC
q q d q d

θ β β
β β

Δ Δ Δ≡ Δ = +  

'
0, 0, 0, 0,( ) ( ) ( ) ( )s s d dA T A Tχ θ θ β χ θ θ β⎡ ⎤ ⎡ ⎤= + + +⎣ ⎦ ⎣ ⎦   (14a) 

' "1 1 1
,1 ' "

( )
p

p d p d pC
q d d

θ β β
β β

Δ Δ Δ= Δ = +  

' "
1, 1,( ) ( )s dT Tθ β θ β= +   (14b) 

 
where the load distribution functions are defined as  
 

( )0

0, 0
00

, sin4( )
cos coss

t
xT d

π
ψ θ θ

θ θ
π θ θ

∂
∂=

−∫   (15a) 

( )0
0, 0

00

, sin4( )
cos cosd

t
T d

c

π ψ θ θ
θ θ

π θ θ
=

−∫   (15b) 

( )1
1, 0, 1, 0,'

0

1 12 sin sin
2s s s s

d pT A A T d
q d

θ

θ θ θ θ θ
β

Δ≡ = − + ∫   (15c) 

( )1
1, 0, 1, 0,"

0

1 12 sin sin
2d d d d

d pT A A T d
q d

θ

θ θ θ θ θ
β
Δ≡ = − + ∫  (15d) 

 
with ( ) 4(1 cos ) / sinχ θ θ θ= + . In these equations, T0,s and T0,d 
are steady and damping components due to the steady and 

damping basic load distributions, respectively. The first term 
in Eq. (14b) is the apparent mass term (Δp1,s) due to the time-
rate-of-change of 0,sγ , and the second term in Eq. (14b) is the 
damping term (Δp1,d) due to the time-rate-of-change of 0,dγ . 

Collecting the terms defined in the previous paragraphs for 
the quasi-steady and apparent-mass contributions to the lift 
and load distribution, the following equations can be written: 

 
' ''

0, 0, 1, 1, ,2( )L s d s d LC K K K K Cβ β β= + + + +   (16a) 

0, 0,( ) ( )p s sC A Tχ θ θ β⎡ ⎤Δ = + +⎣ ⎦   (16b) 
' ''

0, 0, 1, 1, ,2( ) ( ) ( ) ( )d d s d pA T T T Cχ θ θ θ β θ β⎡ ⎤+ + + + Δ⎣ ⎦  

 
where the wake-effect components (CL,2 and ΔCp,2) depend on 
the time variation of β. For transient and sinusoidal variations 
of β, the wake-effect component of the lift coefficient, CL,2, is 
written as follows: 

 
( )

( )
0

'
,2 0, 0 0, 0

' ''
0, 0,

( ( ) ( )) ( )

( ( ) ( ))

L s d

s d

C K K

K K d
τ

τ

τ β τ β τ φ τ

β σ β σ φ τ σ σ

= Δ + Δ

+ + −∫
 (transient)  (17a) 

( )'
,2 0, 0,[ ( ) 1]L s dC C k K Kβ β= − +  (sinusoidal)  (17b) 

 
where φ  is the Wagner function and C (k) is the Theodorsen 
function, / 2k c Uω=  is the reduced frequency. The Wagner 
function may be modeled using the approximation introduced 
by Jones [35], which is written as ( ) 0.091 0.60.165 0.335e eτ τφ τ − −=− − . 
The Theodorsen function is a complex number written as 

( ) ( ) ( )C k F k iG k= + . For both the transient and sinusoidal 
cases, the load distribution is written as follows: 
 

,2 ,2
2 1 cos

sinp LC Cθ
π θ

+⎡ ⎤Δ = ⎢ ⎥⎣ ⎦
  (18) 

 
where the time dependence is contained in CL,2. 

The application of Theodorsen’s function to a sinusoidal os-
cillation of L0 can be generalized by applying the separation of 
“steady” and “damping” terms defined previously to a sinu-
soidal oscillation of β. Consider a time-varying β defined as 
follows: 
 

( ) ( )cos sin

ike

k i k

τβ β

β τ τ

=

⎡ ⎤= +⎣ ⎦
  (19) 

 
where β  is the magnitude of the oscillation and /k c Uω=  
and /Ut cτ = . Note that k  is defined differently than the 
classically defined k, where k =2k. From Eqs. (16a) and (17b), 
the total unsteady lift coefficient may be written for sinusoidal 
motion as 
 

( ) ' ''
0, 0, 1, 1,( )L s d s dC K K K Kτ β β β= + + +   (20) 

[ ]( )'0, 0,( ) 1 s dC k K Kβ β+ − +  
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Substituting Eq. (19) into (20) and keeping only the real part 
results in  
 

( ) ( ) ( ) ( )1 2( , ) cos sinLC k Z k k Z k kτ β τ β τ= +   (21) 
 
where ( ) 2

1 1, 0, 0,d s dZ k K k K F K kG⎡ ⎤= − − +⎣ ⎦  and ( )2Z k =  
1, 0, 0,s s dK k K G K kF⎡ ⎤− + +⎣ ⎦ . The lift can also be presented in 

terms of a magnitude and phase angle as follows: 
 

( ) ( ), cosL L LC k C kτ β τ φ= +   (22) 
 
where 2 2

1 2LC Z Z= + , ( )1
2 1tan /L Z Zφ −= − . Likewise, the 

load distribution can be written as 
 

( ) ( ) ( ) ( )1 2( , , ) , cos , sinpC k k k k kτ θ θ β τ θ β τΔ = Π + Π  (23) 
 

where ( ) ( )

2
0, 0, 1,

1
0, 0, 0,

( ) ( ) ( )
, ( )

2

s s d

s s d

A T T k
k

K F K kK G

χ θ θ θ
θ χ θ

π

⎡ ⎤+ −
⎢ ⎥Π = ⎢ ⎥+ − −⎢ ⎥⎣ ⎦

and 

( )
( )

( )
0, 0, 1,

2

0, 0, 0,

( ) ( ) ( )
, ( )

2

d d s

s d d

A T T k
k

K G kK F kK

χ θ θ θ
θ χ θ

π

⎡ ⎤+ +
⎢ ⎥Π = − ⎢ ⎥
+ + −⎢ ⎥⎣ ⎦

.  

 

3. Application to a general deforming camberline 

The equation for a general camberline consisting of two qu-
adratic segments may be written as 
 

( )2
, ( )c n n n nz a x b x cβ τ= + + ; n = 1  (24) 

for 0 Bx x≤ ≤  and n = 2 for Bx x c≤ ≤  
 
where xB is the location at which the two segments connect. 
The coefficients in Table 1 represent six basic camberline 
shapes of possible interest and Table 2 illustrates these shapes. 
Applying these definitions to Eq. (24), while also applying the 
transformation of ( )1 cos / 2x cθ= − , results in the following: 
 

( ), ( ) coss n n nw H Iβ τ θ= +   (25a) 
'

2
,

( ) ( cos cos )d n n n nw E F G
c

β τ θ θ= + +   (25b) 

 
where n nH a= − , n n nI a b= + , / 4n nE a= , / 2 / 2n n nF a b= − − , 
and / 4 / 2n n n nG a b c= + + . 

 
3.1 Quasi-steady load distribution 

Having defined the steady and damping components of 
downwash w in Eq. (11), the quasi-steady load distribution 
and force coefficients may be calculated. The main challenge 
in obtaining the load distribution is evaluating the integral for 
the basic load distribution (Eq. (14)). Substituting Eq. (25) 
into Eq. (15) results in the following two equations for the 
steady and damping components of the nondimensional basic 

load distribution  
 

[ ]
( )
( )

[ ]

1 2 1 2

0,

1 2

2( ) 2( )cos

sin tan / 2 cos 12( ) ln
sin tan / 2 cos 1

2 ( ) sin

B
s

B

B B

I I H H

T

H H

θ

θ θ θ
θ

π θ θ θ

θ π θ θ

⎧ ⎫− + −
⎪ ⎪

⎛ ⎞− +⎪ ⎪
= × ⎜ ⎟⎨ ⎬⎜ ⎟+ −⎪ ⎪⎝ ⎠

⎪ ⎪+ + −⎩ ⎭

  (26a) 

( )
( )

1 2 1 2

1 2

0,

1 1

2 2

1 2

2( ) 2( )cos
( )(1 cos2 )

sin tan / 2 cos 12( ) ln .
sin tan / 2 cos 1

( cos )
2 ( )( cos ) sin

( )sin

B
d

B

B

B

B

G G F F
E E

T

F E
F E

E E

θ
θ

θ θ θ
θ

π θ θ θ

θ θ
π θ θ θ

θ

⎧ ⎫
⎪ ⎪− + −⎡ ⎤⎪ ⎪
⎢ ⎥⎪ ⎪+ − +⎣ ⎦⎪ ⎪
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  (26b) 

 
Eq. (26a) may be validated for a conventional TE flap by 

comparing it with Spence’s result [36] and for a conformal TE 
flap by comparing with Johnston’s result [37]. For an NACA 
4-digit airfoil case, Eq. (26a) can be shown to compare well 
with Pinkerton’s approximate result [38]. 

As shown in Eq. (14a), the component of the quasi-steady 
load distribution is not dependent on T0,s or T0,d , but depend-
ent only on 0,sA  and 0,dA . This component of the load distri-
bution, called the additional load distribution, has the shape of 
an angle of attack produced load distribution (represented by 
ψ). Eq. (12) shows that the quasi-steady lift depends on the 
first three Fourier coefficients (the fourth coefficient, 3,sA , is 
calculated as well to determine 2,dA ). The steady coefficients 
are evaluated as follows, 
 

( ) ( )

( )
( )
( )
( )

( )( )

( ) ( )

0, 2 1 1 2

2 1

1, 1 2

1 2

1 2
2,

1 2

3
3, 1 2 1 2

1 sin

1 2
sin

cos

3 cos2 sin
3 2 cos2

1 6 cos sin 2 sin3 .
3

s B B B

B B

s
B

B

B
s B

B

s B B B

A I I H H

H H

A I I

H H

I I
A

H H

A H H I I

π θ θ θ
π

π θ θ

π θ
θ

θ
θ

π θ

θ θ θ
π

= − ⎡ − + + − ⎤⎣ ⎦

⎡ ⎤− + +
⎢ ⎥

= ⎛ ⎞−⎢ ⎥
⎜ ⎟⎢ ⎥⎜ ⎟+ −⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎤− +

= ⎢ ⎥
− +⎢ ⎥⎣ ⎦

⎡ ⎤= − + −⎣ ⎦

 (27) 

 
For a TE flap, these coefficients can be shown to agree with 
Glauert’s [32] or Allen’s [33] result. For the damping quasi-
steady terms, only 0,dA  must be determined because of the 
relationships for 1,dA  and 2,dA  given in Eq. (13). 

 
3.2 Apparent mass load distribution 

Examining Eq. (14b) for the apparent mass load distribution 
(ΔCp,1), it is clear that the only component not yet known is 
the integral term required for T1,d (the Fourier coefficients 
were required for the quasi-steady terms and T1,s does not need 



2456 C. O. Johnston et al. / Journal of Mechanical Science and Technology 24 (12) (2010) 2451~2460 
 

 

to be determined because it is equal to T0,d). Thus, the only 
required integration for 1, ( )dT θ  is the following 
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 (28) 
 

where the terms E, F, and G represent E1-E2, F1-F2, and G1-G2, 
respectively. Note that this term is proportional to the accel-
eration of the camberline deformation (β’’). The apparent mass 
load distribution for the conventional TE flap case can be 
shown to agree with the result obtained by Postel and Leppert 
[8]. 

 

4. Results and discussion 

Two simple and practical camberline motions, pitch and 
heave, provide a good example of applying the general de-
forming camberline results derived in the previous section. 
For an airfoil pitching around an axis xa (measured from the 
leading edge), the shape function ψ is a ax x xψ = − = −  
( / 2)(1 cos )c θ− . For a heaving airfoil, ψ is written simply as 

1ψ = . Tables 3 and 4 present the parameters defined in the 
present method for the pitch and heave cases. The complete 
lift and load distribution equations (Eqs. (12) and (14)) result-
ing from this derivation agree well with the known result (pp. 
262-272 of Bisplinghoff, et al. [39]).  

To illustrate the capability of the general deforming camber-
line derivation discussed in the previous section, the results of 
the “Morphing – Configuration A” camberline are presented. 
This case is of interest to morphing aircraft design where a 
similar camberline deformation could be applied. The un-
steady load distribution and force coefficients for this case 
have not been presented previously in the literature.  

Figs. 1 and 2 show the quasi-steady load distribution due to 
the steady (T0,s) and damping (T0,d) components, which are 
obtained from Eqs. (26a) and (26b). The influence of the 
maximum camber location on these load distribution compo-
nents is shown by comparing the results for three maximum 
camber location (xB) values. Similarly, Fig. 3 shows the damp-

ing component of the apparent mass load distribution (T1,d ) 
due to the time-rate-of change of 0,dγ , which is obtained from 
Eqs. (15d) and (28). Figs. 1, 2 and 3 represent the only con-
figuration-specific load distribution components required for 
the complete unsteady load distribution defined in Eq. (16b), 
since T1,s is equal to T0,d and the wake-induced component is 
represented by χ. Therefore, the unsteady load distribution for 
transient or sinusoidal motion may be determined by superim-
posing these load distributions.  

As shown in Fig. 1, the position of peak values of the steady 
components accords with the position of the maximum cam-
ber. Both Fig. 2 and Fig. 3 show that the position of the maxi-
mum camber does not affect the positions of the peak values 
of the damping coefficients. Thus, it can be said that the posi-
tions of the peak values of the damping components of both  

Table 3. Lift and pitching moment parameters for a pitching and heav-
ing airfoil. 
 

 PITCH (ABOUT XA) HEAVE 
K0,s 2 π 0 
K0,d ( )2 3 / 4 axπ −  -2π 
K1,s π /2 0 
K1,d ( )( )/ 2 1/ 2 axπ −  - π /2 
J0,s 0 0 
J0,d - π /8 0 
J1,s - π /8 0 
J1,d ( ) ( )/ 2 5 / 8 axπ− −  π /8 

 
Table 4. Load distribution parameters for a pitching and heaving air-
foil. 
 

 PITCH (ABOUT XA) HEAVE 
A0,s 1 0 
A0,d 1/ 2 ax−  -1 
T0,s 0 0 
T0,d 2sinθ  0 
T1,d ( )(1/ 2) 2 4 cos sinax θ θ− −  2sinθ−  

 

 
 
Fig. 1. Steady component of the quasi-steady load distribution for the 
Morphing – Configuration A camberline with various maximum cam-
ber locations. 
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quasi-steady and apparent mass load distributions are not 
much affected by the location of the maximum camber. The 
load distribution due to the damping aerodynamic force com-
ponent is shown to be equivalent for the morphing camberline 
with the maximum camber located at equal distances from the 
airfoil center. In contrast, the load distribution due to the 
steady aerodynamic force term changes sign for these equiva-
lent configurations.  

Figs. 4 and 5 show the influence of the maximum camber 
location on the quasi-steady and apparent-mass lift compo-
nents, respectively. The K0,s term represents the quasi-steady 
lift per-unit β due to the camberline shape and K0,d represents 
the quasi-steady lift per-unit dβ/dτ generated by the rate of the 
camberline shape-change. Fig. 4 shows that when xB is shifted 
aft the K0,s value increases whereas the K0,d term becomes 
more negative. For the lift components shown in Fig. 5, the 
K1,s term represents the apparent mass lift per-unit dβ/dτ while 
K1,d represents the apparent mass lift per-unit d2β/dτ2. It is seen 
that K1,s is negative for xB/c values less than ½ while K1,d is 
negative for all xB values. Thus, it can be said that the steady 

 
 
Fig. 2. Damping component of the quasi-steady load distribution for
the Morphing – Configuration A case with various maximum camber
locations. 

 

 

 
 
Fig. 3. Damping component of the apparent mass load distribution for
the Morphing – Configuration A case with various maximum camber
locations. 

 

 

 
 
Fig. 4. Steady and damping quasi-steady lift coefficients for the
Morphing – Configuration A case with various maximum camber
locations. 

 
 
Fig. 5. Steady and damping apparent mass lift coefficients for the 
Morphing – Configuration A case with various maximum camber 
locations. 

 

 
 
Fig. 6. Influence of the reduced frequency on the lift-coefficient mag-
nitude for Morphing Configuration A and B. 
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lift effectiveness increases for a morphing camberline as the 
position of maximum camber is shifted aft, while the damping 
lift becomes more negative. 

To illustrate the application of the present approach to a si-
nusoidal case, the differences between the lift coefficient for 
the Morphing – Configuration A and Configuration B cases 
are presented. Fig. 6 shows the values of 0,/ | |L sC K  for these 
two morphing configurations. Note that K0,s is different for 
each case as shown in Fig. 4, although it is used here to nor-
malize each case to the same oscillation in the steady-state CL. 
The only difference between Configurations A and B is wd. In 
fact, wd for Configuration B is a combination of the wd for 
Configuration A along with a heaving motion. The effect of 
maximum camber location (xB) is seen to have a similar effect 
for both cases. Fig. 6 shows that the magnitude of lift is sig-
nificantly larger for Configuration A. Fig. 7 presents the phase 
angle of the lift coefficient for the two configurations. For 
Configuration A, only a negative phase angle is shown while 
for the Configuration B the phase angle becomes positive as 
the reduced frequency is increased.  

As shown in Figs. 6 and 7, the study of two different vari-
able camber configurations, identified here as Configuration A 
and B, indicates that in the absence of camberline acceleration, 
the only difference between the two configurations is the 
magnitude of the damping additional load distribution. For a 
positive change in lift, the time rate of the magnitude of the 
camberline terms produce positive lift for Configuration B and 
negative lift for Configuration A. This component of the lift 
can have a significant effect on the maneuverability of a flight 
vehicle, and it is therefore a notable result. The effect of max-
imum camber location is seen to have a similar effect for both 
cases.  

For oscillatory motions, the magnitude of lift is signifi-
cantly larger for Configuration A for all values of reduced 
frequency. The phase angle for lift is positive and increases 
with increased reduced frequency for Configuration B, 
while it increases slightly, but remains negative, for Con-
figuration A.  

5. Conclusions 

The unsteady thin airfoil theory for the aerodynamic analysis 
of deforming airfoils is derived based on the theory of von 
Karman and Sears for both transient and oscillatory shape 
changes.  

It is found that the steady lift effectiveness increases for a 
morphing camberline as the position of maximum camber is 
shifted aft, while the damping lift becomes more negative. In 
case of the study of two different variable camber configura-
tions, the time rate of the magnitude of the camberline terms 
produce positive lift for Configuration B and negative lift for 
Configuration A for a positive change in lift. Thus, the ma-
neuverability of a flight vehicle of a morphing wing can be 
affected by the difference of morphing actuation methods. For 
oscillatory motions, the magnitude of lift of the Configuration 
A wing is significantly larger than the Configuration B wing 
for all the investigated values of reduced frequency.  

It is expected that the convenience of the analytic pressure 
distributions and force coefficients obtained by the present 
method can be useful for fundamental studies of various 
morphing airfoil configurations.  
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Nomenclature------------------------------------------------------------------------ 

,n bA  : Fourier coefficients defined in Eq. (13), n = 1,2,..,  
  and b is the same as defined for Ta,b 
c : Chord length 
CL,n : Lift coefficient, n = 0, 1, and 2 correspond to the  
  quasi-steady, apparent mass, and wake-effect terms 
CM,n : Quarter-chord pitching moment coefficient, n  
  represents the terms defined with CL 
k  : Reduced frequency defined as ωc/U 
Ln : Lift force defined in Eq. (1), n = 0, 1, and 2 corre 
  spond to the quasi-steady, apparent mass, and  
  wake-effect terms 
q : Dynamic pressure  
t : Time 
Ta,b : Components of the aerodynamic load distribution  
  defined in Eq. (15) , a = 0 and 1 corresponding to  
  the quasi-steady and apparent mass terms, and b = s  
  and d corresponding to the components resulting  
  from the steady and damping boundary condition  
  defined in Eq. (11) 
Ka,b : Components of the lift coefficient defined in Eq.  
  (12), the subscripts are defined for Ta,b 
U : Free-stream velocity 

 
 
Fig. 7. Influence of the reduced frequency on the lift-coefficient phase-
angle for Morphing Configuration A and B. 
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w : Induced velocity on the airfoil camberline 
x : Distance along the airfoil chord aligned with the  
  free-stream velocity 
xB : Location along the airfoil where the two segments  
  of the general deforming camberline connect 
Zn : Components of the oscillatory lift coefficient  
  defined in Eq. (21) 
α : Angle of attack 
β : Defines the time-history of the camberline shape  
  change 
χ : Shape of an angle of attack load distribution  
  defined under Eq. (15) 
ΔCp,n : Nondimensional unsteady pressure loading, n = 0,  
  1, and 2 correspond to the quasi-steady, apparent  
  mass, and wake-effect terms  
Δpn  : Unsteady pressure loading defined in Eq. (5), n = 0,  
  1, and 2 correspond to the quasi-steady, apparent  
  mass, and wake-effect terms  
γ0c : Circulatory quasi-steady vorticity distribution 
γ0nc : Noncirculatory quasi-steady vorticity distribution 
Πn : Components of the oscillatory load distribution  
  defined in Eq. (23) 
θ : Polar coordinate along the airfoil surface  
τ : Nondimensional time  
ψ : Shape function of the airfoil camberline defined in  
  Eq. (10) 
ω : Frequency  
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